D = molecular diffusion coeflicient

D, = total radial diffusion coefficient, D, = D -+ e

D, = total axial diffusion coefficient, D; = D + ¢

D; = dimensionless total radial diffusion coefficient,
D./D

D, = dimensionless total axial diffusion coefficient,
D./D

f = functions defined by Equations (6) and (11)

F = function defined by Equation (12)

G = function defined by Equation (14)

Jo = zero order Bessel function of first kind

It = first order Bessel function of first kind

K = dispersion coefficient defined by Equation (8)

K = time average dispersion coeficient defined by
Equation (25)

Npe = Peclet number, UrR/D

Nse =v/D

r = radial coordinate

R = tube radius

t = time

u = axial velocity

Uy = u/ UR

Ur = reference velocity, 2U () where U(w) is the
bulk average velocity corresponding to fully de-
veloped laminar flow

v = radial velocity coordinate

Uy = v/ UR

x = axial distance

X = x/R Np,

xs = length of slugatt =0

Xs = xs/ RNp,

y =71/R

an, = roots of Jy (ay) = 0

vn =roots of J; (an) = 0

€ = eddy diffusion function

9 == dimensionless local concentration, C/Cg

f#m = dimensionless average concentration

A = auxilliary parameter replacing r when applying
Duhamel theorem

v = kinematic viscosity

T = dimensionless time, tD/R2

= auxilliary parameter replacing X when applying
Duhamel theorem
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Stability of Numerical Integration Techniques

G. P. DISTEFANO

Monsanto Company, St. Louis, Missouri

This paper presents the cause of instabilities which arise during the numerical solution of
ordinary differential equations. By using the numerical integration routines presently available,
one actually approximates the differential equation by a difference equation, If the difference
equation is of a higher order than the original differential equation, the approximate solution
contains extrancous solutions which are not at all related to the true solution, It is the be-
havior of these extraneous solutions that one is usually concerned with in a stability onalysis.

Also presented is a procedure for obtaining a bound on the largest allowable integration step
size for a class of chemical engineering problems. A detailed explanation of the procedure is

illustrated for unsteady state distiliation calculations.

The purpose of this paper is to present a clear, concise
discussion of the main causes of instabilities which arise
during the numerical integration of ordinary differential
equations on a digital computer. Ordinary differential
equations are an integral part of chemical engineering
calculations in such basic areas as chemcial kinetic studies,
transient distillation, heat transfer, etc. The complexity of
such systems vary from a single equation to a system of
several hundred simultaneous differential equations. In
practice, these equations are usually highly nonlinear,
and one must resort to numerical techniques in order to
obtain a solution.

Two main problems arise in the numerical solution of
differential equations, truncation error and numerical in-

G, P. Distefano is now with Electronic Associates, Inc. Princeton,
New Jersey.
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stability. Truncation error usually lends itself nicely to
rigorous error analysis, and procedures are available to
contain truncation error within some prescribed limits.
Numerical instability, on the other hand, is more complex,
and only in the recent literature has there been any at-
tempt at a rigorous mathematical analysis.

By using the numerical integration routines presently
available, one actually approximates a differential equa-
tion by a difference equation which is solved in a step-
by-step or marching fashion.

STABILITY

It is important to begin this paper with a clear defini-
tion between convergence and stability of finite difference
techniques. By convergence one means that the finite
difference solution approaches the true solution as the
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interval size approaches zero. The concept of stability on
the other hand is associated with the propagation of errors
of the numerical technique as the calculations progress
with a finite interval size, that is, what the effects of errors
made on one step will have on succeeding steps. It should
be clear from the above definitions that convergence does
not necessarily imply stability.

The problem of instability arises because in most in-
stances the order of the approximating difference equation
is higher than that of the original differential equation.
Hence, the difference equation possesses extraneous solu-
tions which in some instances can dominate the solution,
so that the solution of the difference equations bears little,
if "any, resemblance to the true solution of the original
differential equation. It happens frequently that the spuri-
ous solutions do not vanish even in the limits as the in-
crement sizes approaches zero. This phenomenon is called
strong instability, and implies lack of convergence as well
as lack of stability. When a method possesses convergence
but has unstable asymptotic behavior, the phenomenon
is called weak instability. For example, a numerical rou-
tine that is stable for some finite increment size, hy, but is
unstable for some larger increment size, hy > hy, is said
to possess a weak instability.

For linear differential equations, the problem can be
discussed qualitatively in the following manner (1). Sup-
pose the original differential equation is of order g, it
possesses a solution of the form,

K1) = Serens + G(1) (M

i=1

where ¢%* are the complementary functions, and G(¢) is
the particular solution.

Suppose now that the approximating finite-difference
equation is of the order m, so that its corresponding solu-
tion is of the form,

x(ta) = 3,6 B + Gltn) (2)

i=1

where 8" are the complementary functions, and G(t,) is
the particular solution.

Two cases require consideration. In the first place, let
the possibility that m = ¢ exist (that is, the order of the
finite-difference equation is the same as that of the differ-
ential equation). One can expect convergence in this case,
as it is reasonable to expect that as h approaches zero,
each 8" tends to a corresponding e*:f, and convergence
results, Therefore, in cases such as this, the method can
possess at worst a weak instability,

The second case warranting discussion, m > ¢, is more
serious than the first in that the finite-difference solution
contains extraneous solutions bearing no resemblance to
the solution of the original differential equation. If these
parasitic solutions tend to vanish as h approaches zero,
then the technique possesses convergence. If their asymp-
totic behavior does not affect that of the remaining com-
plementary functions, the technique is said to be stable.
It may be possible that the parasitic solutions do not
vanish as h approaches zero, and/or their absolute magni-
tude tends to grow as the calculations proceed. In such
cases the technique can lack converegence or stability, or
both. It should be obvious, therefore, that techniques
having this characteristic (that is, m > g) can possess a
strong instability.

It is the growth of the extraneous solutions relative to
the true solution that one is concerned with in a stability
analysis. If the extraneous solutions tend to zero as the
calculations progress, the solution is said to possess ab-
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solute stability; if the extraneous solutions tend to grow
as the calculations progress, but at a rate much slower
than the true solution, the solution is said to possess rela-
tive stability; if the extraneous solutions tend to grow as
the calculations progress, at a rate faster than the true
solution, the solution is said to be unstable.

DIFFERENTIAL EQUATIONS

In order to discuss stability in a quantative way, one
must define a differential equation as well as the numeri-
cal routine used in the approximate solution. The classical
equation studied in this connection is the simple linear
first-order differential equation,

x = Ax (3)

where A is a constant. It can be shown that, to a first-order
approximation, the results obtained from a stability analy-
sis on the above linear equation can be exteneded to the
nonlinear case

¥ =f(x1) (4)

where 8f/3x from Equation (4) plays a role similar to the
constant, A, in Equation (3).

The nonlinear function, f(x,t), can be linearized by
expansion of the function about the point (x,, ¢) in a
Taylor series truncated after the first-order terms. The
resulting linearized form for Equation (4) is given in
Equation (5):

¥=Ax+ Bt+ ¢ (5)
where
5= () (7)

0

climn(Z) ()] o

o

Hildebrand (2) has shown that the stability character-
istics of the linear Equation (5) are very similar to the
stability characteristics of equations of the form given by
Equation (4). For example, it can be shown that the
same extraneous solutions exist in both cases, even though
the growth of these extraneous solutions relative to the
true solution will be slightly different in each case. How-
ever, the basic method of analysis is the same for both
cases. It is not felt, therefore, that the added complica-
tion of the additional linear terms in Equation (5) should
be taken into consideration in this paper,

Therefore, the following analysis will be based on the
equation

¥ =f(x,t) = Ax (9)
where
&
A == (-E;-) (10)

and it is assumed that (9f/9x) is relatively invariant in
the region of interest. Equation (9) has as its solution

x = ¢; €At == ¢, eAhn = ¢ (eh)n (11)
where
t = nh, (12)
and
= ( if-) h (13)
ox

The constant, ¢;, is evaluated from the initial condi-
tions of the differential equation. Neither the constant,
¢y, nor the particular solution affect the stability properties
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of the integration routine. Therefore, no reference to
either of these quantities will be made in the following
discussion,

SYSTEMS OF DIFFERENTIAL EQUATIONS

Any system of simultaneous nonlinear first-order differ-
ential equations such as

-

dx - =

can be linearized about an operating point (x,, %,) and
put into matrix form as
d; ~ - s
—=Ax+tF 4+, 15
7 f (15)

~ -
where A denotes the Jacobian matrix, F is a vector con-

>
taining the terms (8fi/9t), and f, is the original function
plus some first-order terms, all evaluated at the point

(;c)o, t;). It can be shown (3) that the quantity in the
system of equations that plays a role similar to (8f/0x)
in the case of the single differential equation is the largest

negative eigenvalue of the A matrix, Therefore, the equa-
tion which corresponds to Equation (13) for a system of
simultaneous differential equations is

F': )\maxh (16)

where Amax represents the value of the largest negative
eigenvalue of the Jacobian matrix,

NUMERICAL TECHNIQUES

Numerical integration techniques fall into two rather
broad categories: single-step and multistep methods. Some
common examples are:

1. Single-step methods (a) Explicit methods: Forward
Euler, Runge-Kutta formulas. (b) Implicit methods:
Backward and modified Euler formulas.

2. Multistep methods (a) Explicit methods: All open-
end predictor formulas. (b) Implicit methods: All closed
-end corrector formulas. (c¢) Predictor-corrector methods:
One or more predictor application followed by one or
more corrector applications or iterations.

Predictor-corrector methods can be considered as mixed
explicit, implicit methods. Unless the corrector (implicit)
is iterated until convergence results, the predictor formula
(explicit) must enter into the stability analysis because
any error in the predicted value will affect the corrected
value. It should be mentioned here that any purely im-
plicit technique requires an iterative method of solution
for nonlinear differential equations.

In the above examples the single-step methods were
considered separately because they represent first-order
difference equations approximations to first-order differ-
ential equations. Therefore, these techniques do not intro-
duce extraneous solutions and can possess at worst a weak
instability. It can be generalized further by stating that
any single step method or any multistep method that re-
quires no history points of the independent variables (but
may require history points of the derivative of the inde-
pendent variable) can possess at worst a weak instability.
For example, it can be shown that the general corrector
equation,

Xnt1 = Xner + A{Gni1Xn41 + Gn¥'n
+ ap—1%n—y +--+ a*n——mx/n~m) (17)

Page 948

AIChE Journal

can be strongly unstable if r > 0, but cannot be strongly
unstable if r = 0.
SINGLE-STEP METHODS

Explicit Method: Forward Euler Formula
If one uses the forward Euler formula

Xnt+1=%Xn + hx'y (18)
to approximate Equation (9), Equation (18) becomes
%nsr— (L+R) 2, =0 " (19)

Equation (19) is a first-order difference equation whose
solution is of the form

Xy = 18" = c1(1 + F)» (20)

where ¢; is evaluated from the initial conditions. In this
case ¢; should be equal to ¢;. Since the true solution to
Equation (9), given in Equation (11), tends to grow

without bound for positive values of A (positive k) one
hopes that the approximate solution also grows without

bound for positive h. However, for negative A (negative

h), the true solution tends to zero. One wants the ap-
proximate solution to approach zero in the region of nega-

tive h, a result which can be realized if, and only if,
[B] is less than one, as can be seen from Equation (20).
Herein, we will be concerned only with investigating the
nature of the approximate solution in the region of nega-
tive h.

From the form of Equations (11) and (20) one can
see that the numerical technique uses (1 + h) to ap-

proximate ¢*. We can therefore conclude that the tech-
nique is stable when

Bl=1+r<1 (21)
A plot of |B| vs. I (Figure 1) shows that Euler’s forward
formula gives stable results for (—h) < 2.

Implicit Method: Modified Euler Formula
If one uses the modified Euler formula

k
Tn+1 = Xp + 5 ('n+1 + ') (22)
to approximate Equation (9), Equation (22) becomes

(2=F) xas1— (2+B) 22 =0 (23)

The solution to Equation (23) is given by

- —( 2+h \
xn=clﬂ"=cl( * ) (24)

2—h

B

.8 /
. \ /
O = o — e e —_———— - — e — = —

BACKWARD: EULER

o5

/
— S

- ,
e nomrllzb EULER

ok
-3 -2 -2.0 -8 -0 -03 ° 05 [K]

DIMENSIONLESS STEP SIZE (h)

Fig. 1. Euler methods.

November, 1968



20

—~
Y/— SECOND - ORDER

18l

-3.0 -2.5 -2.0 1.8 -to —-08 o 05 1.0
DIMENSIONLESS STEP SIZE (h)

Fig. 2. Runge-Kutta methods.

For a plot of |8] vs. B one can see the modified Euler
technique is stable for all values of T (see Figure 1).

RUNGE-KUTTA FORMULAS

The Runge Kutta formulas of mth order approximate
the differential equation with a Taylor’s series expansion
of order m, but are derived in such a way that all higher-
order terms are expressed in terms of first-order deriva-
tives.

It can be easily shown (4) that the mth-order Runge-
Kutta approximation to the solution of the simple differ-
ential equation given in Equation (9) is

(1emermrs)
T+t =\ 1+ +2_1+§+"-7n—!— % (25)

which is an exact approximation of e¢* up to order m.

This function is plotted against e® in Figure 2 for the
second, third, and fourth-order Runge-Kutta formulas. It
can be seen that the higher-order Runge-Kutta formulas
have a greater stability range than the lower-order for-
mulas, but only at the expense of more derivative evalua-
tions per increment. The second-order formula requires
two derivative evaluations per increment, the third-order
requires three, the fourth-order requires four, the fifth-
order requires six, and so on. Since the level of effort in
computation required to move one increment in time is
directly proportional to the number of derivative evalua-
tions per increment, the performance of a method should
be evaluated in terms of the stability range and the num-
ber of derivative evaluations required per increment.

MULTISTEP METHODS

The true solution of Equation (9) is given by Equa-
tion (11). If the approximate solution is obtained by
using a multistep method of either an explicit (open
integration) type or a mixed (predictor-corrector) type
of order m, the finite-difference solution is given by

%= C1 " + Co Ba" + C3 Bs" + - -- + Cm B (26)

provided all the roots, 8;, are real and distinct. The form
of Equation (28) for complex roots, repeated roots, etc.,
is given by Hildebrand (35).

It can be shown that if the numerical technique possess
consistency (6), one of the solutions to the finite-differ-

ence equation (say, ¢;8;") will approximate the true solu-
tion [c;(eF)2] in the region of small 7. In other words,

B will tend to &® in the limit as & approaches zero, and
all other roots or solutions will be extraneous solutions.
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Therefore, an explicit mth-order method will contain
(m — 1) extraneous solutions. It can be shown that
purely implicit mth-order method will contain only (m —
2) extraneous solutions. This result can be seen in the case
of the second-order modified Euler, as well as in the case
of the third-order Adams-Moulton corrector.

Explicit Method: Third-Order Adams-Moulton Predictor

By using the third-order Adams-Moulton predictor
formula :

h
Xp+1 = Xp + T§ (237(3’»,,,‘-— 167C’n—1 + Sx/n—g) (27)

in the solution of Equation (9) results in the difference
equation approximation

23 16 _
Xn+1— 1+—1—2—h x, + —1—2—h Xn—1

%)
(12 h)xn5=0 (28)
Equation (28) is a third-order difference equation which
possesses two extraneous solutions when used to approxi-
mate a first-order differential equation. These extraneous
solutions are obtained by finding the roots of the charac-
teristic equation of Equation (28), which is given below

as
& (1+ 23% /3"+(4—h) ( 5 ﬁ)—0(29)
12 5/ B 12/
The solution of Equation (28) will be of the form,

Xn = 1B + Cof™ + C3Bs™ (80)

provided that the three roots (B, Bs, B83) are all real and
distinct, For a discussion on the form of solving Equation
(28) for the case of complex or repeated roots see the
literature (35).

The roots of Equation (29) are plotted in Figure- 3.
In all of the graphs the roots are displayed in the follow-
ing fashion: for real roots the absolute value of the root
is plotted, and for conjugate complex roots the modulus
of the pair is plotted as a single quantity (thus conjugate
complex pairs of roots show as a single curve).

In Figure 3 it can be seen that 8; is the true root, and

B; and B3 are extraneous roots. At (—Fh) = 0.6, |Bs] is
greater than one, and in Equation (30) the term con-
taining |B;| will grow without bound as n gets large, thus
dominating the solution and swamping the true root
which tends to zero since || is less than one. The degree

\ F
——(@ —= POSITIVE REAL ROOT
—— A = NEGATIVE REAL ROOT
= X == MODULUS OF COMPLEX PAIR /

i IN--8,
B,
1.0 pom e o e o o o o = w—— e — —_—— — — R P ——

as VK

—
——— By

o - o
~2.5 -2.0 =15 =10 =05 ] oS5 1o
DIMENSIONLESS STEP S1ZE (F)

Fig. 3. Third-order Adams-Moulton predictor.
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to which the extraneous solutions affect the overall solu-
tion depends upon the values of the constants ¢i, C2, and
¢s, as well as the value of n. However, as can be seen
from Equation (30) the term c,8," will eventually domi-
nate the solution as n gets large and ¢; is finite. The three
constants, —c_i, are evaluated from three previously stored
history points at ¢,, t,—; and f,_s.

Implicit Method: Adams-Moulton Third-Order Corrector

If one uses the third-order Adams-Moulton corrector
formula,

h
Xn+1 = Xp + _1‘2" (5% n+1 + 88— x,n—l) (31)

to approximate Equation (9), Equation (31) becomes

( 1——155-7{ Xn+1— (1+§7§)xn

12
+ (1—2-)xn_1=0 (32)
Equation (832) is a second-order difference equation
which will yield one extraneous solution. One is concerned
with the rate of growth of this extraneous solution as the
increment size gets large. The third-order Adams-Moulton
predictor has been shown to contain two extraneous solu-
tions; therefore, the predictor-corrector pair will also con-
tain two extraneous solutions. The solution of Equation
(82) is of the form,

X = C1B1" + 2" (33)
where

_ (12 +8h) =144 + 144h + 84h2
2(12 — 5h)

Figure 4 shows that B; is the true root and B is an
extraneous root. At (—h) = 6.0, || is greater than one,
and in Equation (33) the term containing B," will over-
whelm the true solution as n gets large. Thus, the method
is unstable for (— k) > 6.

The region to the right of the point h = ~1.5 in
Figure 4 is the region of relative stability, and the region
to the right of point 2 = —6.0 is the region of absolute
stability. The region between two points is, therefore, a
stable region, that is, the asymptotic behavior of the ap-
proximate solution will behave like that of the true solu-
tion. However, in many cases, a large error may exist be-
cause the extraneous root dominates the approximate
solution for large n. This area has received relatively little

1.2 (34)

e ) mume FOSITIVE REAL ROOT

“=— A~ NEGATIVE REAL ROQT F- o
s

IR
T

o
~60 -5.0 - 4.0 -3.0 -20 -i.0 ) 1.0 2.0

DIMENSIONLESS STEP SIZE (R}

Fig. 4. Third-order Adams-Moulton corrector.
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attention in the technical literature, and is therefore an
important area for further investigation.

PREDICTOR-CORRECTOR METHODS

Methods of Application

Before discussing any specific technique, it is necessary
to discuss the manner in which a predictor-corrector
method is applied. In essence, the open-end predictor
equation is used to extrapolate from the point x, to the
point x,+1. By using the predicted xn+1, a closed-end
corrector equation is then applied to interpolate for an
improved value of x,+1. A rigorous truncation error analy-
sis can then follow to modify the corrected value or both
the predicted and corrected values. Predictor-corrector
methods applied in this manner require but two functional
(derivative) evaluations per increment, independent of
the order of the method. Predictor-corrector methods can
also be applied with several repeated corrector applica-
tions at the end of the interval, in which case the number
of functional evaluations per increment is directly pro-
portional to the number of such corrector iterations.

Letting P represent a predicted value, C a corrected
value, M, modified predicted value, and M, a modified
corrected value, some typical predictor-corrector schemes
might be:

P

P-C

P-C-M,

P-M,-C-M,

. P-C-C (denoted P-2C)
. P-C-M,C-M,

. P-M,-C-MC-M,

*8. P-nC

19, P-woC

110. C

For purpose of illustration, the fourth-order Adams-
Moulton equations applied in the manner of the fourth
scheme is shown below:

Predict:

N® o o to

(P)

h
Xnt+1 = X + EI- (55x’,. — 59% n+1 + 37x p—1— 9x’,,_2)

(35)
Modify:
251
sl =m =@ —n")  (36)
Correct:
h
Tt = %o + oYy (9o + 198y — 52 ny + n—2)
(87)
Modify:
19
T O S N

In a rigorous sense, Equation (36) should contain the
difference between the corrected and predicted value at
the (n + 1) step, as in Equation (38). Since the cor-
rected value of the dependent variable, x,:,/©, will not
be available at this stage, it is recommended that one use
the difference between the corrected and predicted value
at the previous increment. Applied thusly, an iterative
procedure is avoided.

® Denotes one predictor application followed by a fixed number “n’
of corrector iterations.

+ Means that the corrector is iterated until it converges.

1 Denotes the stability of the corrector equation alone (implicit
solution).
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Fig. 5. Third-order Adams-Moulton predictor-corrector.

Adoms-Moulton Third-Order Predictor-Corrector Pair

The value of x at t,i, calculated from the Adams-
Moulton third-order predictor is given as x,+:® by
Equation (27). The derivative of x at t,+; is therefore,

(§2) (¢:3)
a
Ypt1 = Axyyy = Ax,

13
-+ —]E- (23Axn~ 16Axn_1 + 5Axn_~2) (39)

A corrected value of x at time, ¢, 44, is obtained by using
the corrector equation in the following fashion:

Xp+1 = xp + ST (5%mt1 + 8¥n— Xn—1)

(40)
By substituting Equation (39) into Equation (40) and
rearranging results in the difference equation approxima-
tion, we obtain

xn+l'_( 1+ —lf—"ﬁ + 15 7»2) Xn
12 144
e ) (i )amo
12 ' 144 nl 144 e !

Equation (41) is a third-order difference equation, the
three roots of which are shown in Figure 5. Equation
(41) has a pair of conjugate complex roots throughout
the entire —Fh region, thus resulting in only two curves in
Figure 5 for the three roots. It can be seen that the pre-
dictor-corrector pair remains stable out to (—h) < 1.8.
Since the primary concern in this paper is the value
of (—h) at which any of the roots gets larger than one

in absolute value (and not in a critical study of the be-
havior of the roots), the following graphs will present

. l

2-°%~—~*———'—E— —{— - Z-——-———{

’\‘ ¢
o3 N N

L,’J\/

-6.0 ~-5.0 -4.0 -3.0 -2.0 -0 Q e 20
DIMENSIONLESS STEP SI1ZE (R}

Fig. 6. Third-order Adams-Moulton predictor-corrector methods.
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Fig. 7. Fourth-order Milne predictor-corrector methods.

only the absolute value of the largest root as a function

of (—h). For purpose of illustration, the third-order
Adams-Moulton equations discussed previously and dis-
played in Figures 3, 4, and 5 are summarized in the new
format in Figure 6.

Behavior of Other Predictor-Corrector Methods

Figure 7 illustrates schemes one, two, four and ten for
the fourth-order Milne equations (7). It can be seen that

for negative h there is no region of relative stability, and
only a small region of absolute stability. The most stable
technique results from scheme two, P-C, and the least
stable scheme ten, C. From this plot, one can see that
the Milne method is not very useful for differential equa-
tion possessing the property

of

—<0

po (42)

that is, in the region of negative .

Figure 8 illustrates schemes one, two, four, and ten
for the fourth-order Milne-Hamming predictor-corrector
equations (7), (8). For this technique scheme ten, C, is
the most stable, and scheme two, P-C, is the least stable.
The most practical approach is that of scheme four which
is stable out to (—h) < 0.8.

Figure 9 displays the results of schemes one, two,! five,
six, seven and ten for the fourth-order Adams-Moulton
equations (9). From this plot the following conclusions
can be drawn:

1. scheme ten is the most stable,

5
A

Vas

LarcesT B

o
B -20 ) 1o -0.8 B o8 10

DIMENSIONLESS STEP SIZE (h)

Fig. 8. Fourth-order Milne-Hamming predictor-corrector methods.

§ The figure for scheme two, P-C, given elsewhere (9) is incorrect.
This has been corrected in this paper.
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Fig. 9. Fourth-order Adams-Moulton predictor-corrector methods.

2. scheme two is the most stable practical method,

3. repeated corrector applications lowers the stability
limit, and

4. modification of the predicted value lowers the sta-
bility limits considerably.

By using the simple P-C scheme, the method remains
stable out to (—h) < 1.3. The third-order Adams-Moul~

ton equations have a stability limit of (=h) < 1.8, where-
as for the fifth-order method, the stability limit drops to
approximately (—h) < 0.9. :

The fourth-order Milne predictor was used in conjunc-
tion with the fourth-order Fehlberg (10) corrector to
generate the results shown in Figure 10 for the Milne-
Fehlberg equations. It can be seen that scheme two, P-C,
is the most practical means of applying these equations.
Also of interest is the fact that (as in the Adams-Moulton
equations) the second iteration of the corrector lowers
the maximum allowable step size.

The behavior of the stability characteristics of the vari-
ous methods presented in this paper are considerably
different (see Table 1). For example, the characteristics
of the Adams-Moulton method for the various schemes
discussed above are almost directly opposite to that of
the Milne-Hamming methods. The characteristics of the
Adams-Moulton and the Milne-Fehlberg methods on the
other hand are very similar in nature. In general it is
practically impossible to predict in advance which of the
above schemes of predictor-corrector applications is the
most practical technique to apply unless one first investi-
gates the roots of the difference equation for the particular
differential equation in question. It can be concluded,
however, that the use of the corrector equation in some
fashion will usually improve the stability range over that
of the predictor alone.

2.9

LaroesT|g,|

(X

a5

-20 -8 =10 -035 v o3 1o
DIMENSIONLESS STEP SIZE (h)

Fig. 10. Fourth-order Milne-Fehlberg predictor-corrector methods.
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TaBLE 1. STABILITY LIMITS OF VARIOUS
NumericaL INTEGRATION TECHNIQUES

Limiting Increment Size
{ —h) tmax) { dimensionless )

Numerical Routine Theoretical ~ Empirical
forward Euler 2.0 —
2. modified Euler
a) P-C 2.0 1.1
b) P-3C 2.0 1.3
c) P-6C 2.0 1.5
d) P-i0C 2.0 1.6
e} P-oC* 2.0 —
f) Ct unlimited —
3. backward Euler
a) P-C 1.0 0.7
b) P-2C 14 0.8
c) P-3C 1.0 07
d) P-4C 1.2 —
e) P-woC* 1.0 —_
f) Ct unlimited ——
4. Runge-Kutta
a) second-order 2.0 1.1
b) third-order 2.5 2.0 unstable}
c) fourth-order 2.7 2.5
5. third-order Adams-Moulton
a) P 0.6 —
b) P-C 1.8 1.5
c) P-C-Mc 2.0 15
d) P-Mp-C-M. 1.6 1.1
e) P-2C 12 1.0
f) P-3C —_ 1.3
g) P-6C — 14
h) P-10C — 16
i) P-oC* 24 —_
j) cCt 6.0 -
6. fourth-order Adams-Moulton
a) P 0.3 —_
b) P-C 1.3 —
¢) P-Mp-C-Mc-C-Mc 0.6 —_
d) P-C-M-C-M. 1.0 —
e) P-2C 0.9 —_
f) Ct 2.9 —_—
7.. fourth-order Milne
a) P 0.0 —
b) P-C 0.8 —
c) P-Mp-C-Me. 0.5 —
d) P-2C 0.0 —_
e) P-3C 0.0 —
f) Ct 0.0 —
8. fourth-order Milne-Hamming
a) P 0.0 —
b) P-C 0.5 —
c) P-My-C-Mc 0.8 —
d) P-2C 0.9 —
e) Ct 2.7 —_
9. fourth-order Milne-Fehlberg
a) P 0.0 —_—
b) P-C 1.0 —
c) P-2C 0.7 —_—
d) Ct 1.3 —_
10. fourth-order Adams-Fehlberg
a) P 0.3 —
b) PC —_ 1.5 unstablef
¢c) P-10C —_ 1.5 unstable}
d) Ct 1.3 —

# Means that the corrector is iterated until it converges.

T Denotes the stability limit of the closed-end corrector equation
alone (implicit solution}).

$ Only one value was tried and at this value the method was un-
stable. No attempt was made to find the correct limiting increment size.
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One note concerning repeated applications of the cor-
rector equation should be interjected here. With regard to
scheme nine, which is one predictor application and re-
peated applications of the corrector until it converges, in
general, one cannot estimate how many iterations of the
corrector are necessary for convergence, or even if con-
vergence will result from repeated applications of the
corrector. In addition, the net effect of repeated corrector
iterations in some cases is to reduce the allowable step
size, because of the nature of the convergence of the
iterative scheme. For these reasons, this scheme is rarely
used in practice,

APPLICATION TO PROCESS DYNAMICS

Process dynamic studies by their very nature require
the solution of large systems of simultaneous nonlinear
differential equations, Needless to say, one must often
resort to numerical solution on a digital computer. The
following analysis shows how the results presented in this
paper can be used to obtain an approximate estimate of
the maximum integration step size allowable from a sta-
bility standpoint.

For purpose of illustration, the case of unsteady state
distillation is treated in detail. Transient distillation was
chosen because it is representative of all stage-by-stage
processes, and the tridiagonal form of the differential
equations is amenable to rigorous mathematical analysis.
The linearized set of differential equations for dynamic
distillation is given (for each component) by

L —Ari+g 43
T g (43)
where

X = Xo
X1

(44)

oy
I
<)

FxF

J (45)
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From the form of Equations (43) through (46) it can
be seen that external inputs (feeds) do not alter the

form of the A matrix. A liquid drawoff would show up
in a corresponding diagonal term, whereas a vapor draw-
off would show up in one of the first superdiagonal terms

of the A matrix.
Following a stability analysis, one is interested in ob-
taining a bound on the largest negative eigenvalue of the

A matrix for use in Equation (16). This in turn will yield
a bound on the largest allowable integration step size,
hAmax, from

hmax = (‘_h)max/l)\[max (47)
where |A|max is the absolute value of the largest negative

eigenvalue of the A matrix.
By using the Gerschgorin Theorem (I11) on Equation
(46) it can be easily shown that the greatest upper bound
H,

on |A|max is given by
Ln + Knvn) ( Ln—1 ) )
ma: = +
e = (2250 ) (22
~9 ( L, + KoV )
Hn max
that is, the upper limit on absolute value of the largest

negative eigenvalue is approximately two times the largest

K.V,

(48)

diagonal element of the A matrix. Typical values of
(L 4+ KV)/H factors for distillation columns range be-
tween (100 to 1,000) hr.—1. Since Equation (48) repre-
sents the greatest upper bound on |A\|max, use of this ex-
pression in Equation (47) will yield the minimum value
of maximum allowable step size, hmax.

A more exact relationship for |Mmax can be obtained

due to the tridiagonal nature of the A matrix. In order
to obtain an analytical expression for the relationship be-
tween |Almex and (L. + KpVp)/H, it is assumed that
Ly, Va, Ky, and H, are approximately constant {denoted
by L, V, K, and H) throughout the entire column. In this

case, the A matrix assumes the form,

(b ¢ © - - — — 0
a —b ¢ _ - — — 0
0 a —b c — — — 0
— AN N ~ N N N
A= AN AN NI
0— ) o \\_ BN S \\_b
(49)
where approximately
b=a+c (50)

The largest negative eigenvalue of the A matrix is then

Page 953



the largest negative root of the polynomial generated by
expanding the characteristic equation,

PM()) = det [A — M]¥ =0 (51)
where M is the order of the A matrix.

An analytical expression for the eigenvalues of the
above Jacobian matrix is given by Amundson (12) as

); k=1,28---M
(52)

A b — \/2a0 (”k
« = —b — \/4ac cos T

order Adams-Moulton equations possess the most favor-
able stability characteristics, remaining stable out to
(—RYmax = 1.5 with only two derivative evaluations per
increment. By contrast, the fourth-order Runge-Kutta re-
mains stable to (—h) max = 2.5, but requires four deriva-
tive evaluations per increment.

Table 2 presents a comparison between the maximum
increment size calculated using theoretical values of

(—h) max given in Table 1 in conjunction with Equation
(54) and that found empirically by several investigators.
From this table, one can see the remarkable agreement
between the actual limiting increment size and that pre-
dicted by the simple relationship given in Equation (54).

TABLE 2. COMPARISON BETWEEN CALCULATED AND ACTUAL M axiMuM STEP SizEs

Investigators Technique Scheme
1. Distefano, et al. (21) Adams-Moulton P-C-M,
numbers represent average {third-order)
values over all runs.
2. Frank and Lapidus (22) Runge-Kutta —
binary system., (fourth-order)
3. Frank am{ Lapidus (22) Runge-Kutta —
multicomponent system. (fourth-order)
4. Holland (13, p. 116) Runge-Kutta —
(fourth-order)
5. Distefano (23) Adams-Moulton P-C-M.
run no. 4. ( third-order)
6. Distefano (23) backward Euler P-3C
run no. 4.
7. Gamer (24) Runge-Kutta-Gill —
numbers represent average  (fourth-order)
values,
8. Huckaba and Danly (25) modified Euler P-oC

case reported.

(L +KV)/H N
Factor KV/L No.of  (h)max® (% )max
(hr.—1) Ratio  Plates  calc. (hr.) Actual (hr.)
525 1.2 12 0.0019 0.0020
110 1.2 5 0.0130 0.0167
170 7.5 5 0.0098 0.0061
390 1.1 3 0.0037 0.0041
250 1.8 12 0.0041 0.0030
250 18 12 0.0020 0.0015
1200 3.0 8 0.0012 0.0013
310 2.3 12 0.0035 0.0040

¢ Calculated from Equation (54) using the theoretical value of ( — h)max from Table 1.

where M is the order of the A matrix,

In terms of distillation parameters, the absolute value
of the largest negative eigenvalue [as obtained from
Equation (52) with k = 1] is given by

s = (£ ) [1+(25) o (75) |
(53

where « = KV/L and N = number of plates. For large
N, |A|max varies between (L + KV)/H and 2(L + KV)/H
for « = 0 and @ = 1, respectively, and again approaches
(L+ KV)/H as ¢ > .

Equation (53) used in conjunction with Equation (47)
provides a means of estimating the maximum allowable
step size for the integration of transient distillation equa-
tions, The resulting expression is

e (1)
Puex = 7Ry e . (54)
<T)[l+ a+1)c°S(N+3)]

where « = KV/L and N = number of plates.

Table 1 presents both theoretical and empirical values
for the limiting increment size, (~h)max, for the various
techniques discussed in this work. It can be seen that, for
an equivalent number of derivative evaluations, the third-
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CONCLUSIONS AND RECOMMENDATIONS

The stability characteristics of several of the most
widely used numerical integration routines were investi-
gated theoretically. Although the stability limits varied
from one technique to another, the variation was small
compared to what is really needed to speed up digital
calculations significantly.

Use of the stability results presented in this paper in
the estimation of limiting integration step sizes was il-
lustrated for the case of transient distillation calculations.
A comparison was made between the maximum increment
size predicted from Equation (54) and that found by
computer trial and error by several integrators. In all
cases, the actual results agreed quite closely with the
predicted results. Since transient distillation is representa-
tive of all stage-by-stage processes, the procedures pre-
sented here for distillation can be easily extended to
many other processes having similar equations.

From the results presented in Tables 1 and 2, it can
be seen that even the most stable numerical integration
techniques are not entirely satisfactory for the solution of
problems in process dynamics. In most cases, one is re-
stricted to using an extremely small integration step size,
thus resulting in excessive computation time even on large
present day digital computers. There exists a definite need
for techniques that will allow for larger step sizes (from
stability considerations) without significant loss in ac-
curacy.

For process dynamics calculations on a digital com-
puter, the following areas are recommended for future
research:
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1. Use of implicit methods (correctors) in the solu-
tion of nonlinear equations (13, 14),

2. Use of methods which do not depend upon poly-
nomial fits to past history points (15 to 17), and

3. Use of methods which were developed for systems
that possess characteristics similar to those of physical
systems, such as highly damped systems (18, 19), and
coupled systems with greatly different time constants
(20).
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NOTATION

A = defined by Equation (3) and used in Equations

N (9), (10) and (13)

A = denotes a Jacobian matrix, a matrix of elements
a; = Ofi/ ox;

a = constant given by a = L/H

b = constant given by b = (L + KV}/H

c = constant given by ¢ = KV/H

¢; = coefficients in the homogeneous solution of a
differential equation

ci = coefficients in the homogeneous solution of a dif-
ference equation

C denotes a value from a corrector equation

e*t = denotes the complementary solutions to a dif-
ferential equation, (where ¢ is the base of the
natural logarithm)

f(x,t) = arbitrary functional representation of a single

nonlinear differential equation
N

5
f(x,t) = arbitrary functional representation of a system
of nonlinear differential equations

-
F = vector containing the terms df;/ ¢
G(t) = denotes the particular solution to a differential
equation
G(t,) = denotes the particular solution to a difference
equation

= a small increment in the independent variable
used as the step size in numerical integration
a dimensionless step size in the independent vari-
able [defined in Equation (13) for a single
equation and in Equation (16) for a system of
equations]
H, = liquid holdup on plate n of a distillation column
(constant holdup denoted by H)
unit matrix
equilibrium value for a component on plate n of
a distillation column (constant K, denoted by K)
liquid flow rate from plate n of a distillation col-
umn (constant flow rate denoted by L)
order of a difference equation
modification to the value from a corrector equa-
tion
order of a Jacobian matrix
denotes a modification to the value from a pre-
dictor equation
nth increment in a step-by-step numerical solu-
tion, or the nth plate of a distillation column
(use is clear from usage in the text)
total number of plates in a distillation column
reboiler of a distillation column

=
Il

NN

I

™~
B
Il

o

TR X3
b

b

3
Il

N
N+1

It
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the order of a differential equation

value from a predictor equation
= Mth order polynomial generated by expanding
the characteristic determinant of a Jacobian
matrix

independent variable

vapor How rate from plate n in a distillation
column (constant flow rate, V)

a single dependent variable
the derivative of x with respect to ¢

q
P
PM ()

o

5@0-
i

wyA R
i

Il

a dependent variable vector

Greek Letters

KV/L ratio

complementary solutions to a difference equation
(or the roots of the characteristic polynomial)

A = eigenvalue of a Jacobian matrix

[\|max = absolute value of the largest negative eigenvalue
of a Jacobian matrix

24
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